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ABSTRACT

A nonlinear model on HIV Epidemic under contactcing is studied, where we assume that the rate of
recruitment of HIV positives is proportional to tpepulation. We determine the critical for the dtgbof the epidemic

free equilibrium and the endemic equilibrium.
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1. INTRODUCTION

Contact tracing has been used as a method of diordrof contagious disease [1,2]. While theretiff a debate
about contact tracing for HIV infection [3,4] thesurgence of infectious tuberculosis and outbredldrug resistance
tuberculosis secondary to HIV induced immune degpoesis forcing many public health department teexamine this

policy [5,6].
2. MATHEMATICAL FORMULATION

We shall consider the differential system that dbss the model which is proposed by Arazozo ef7&l

The model [7]

dN
— =-aNX-uN+J

dt H

d—X:aNx—(k+y+,8)x+v

dit

dy (1)
— =KX —(u+pB)Y

" (u+p)

C:j—f=ﬂx+ﬁY—u'Z+p

Where N- the population of sexually active persbausceptible
X- the number of HIV positives that do not knowyttege infected
Y- the number of HIV positive that know they aréeicted

Z- number of AIDS cases

k- the rate at which the HIV positives are detected

B - the rate at which the HIV positive develops D&

u- the death rate of sexually active population
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MU' - the death rate due to AIDS

O - the recruitment to the classes of susceptible

V - the immigration of unknown HIV positive

L - the immigration of AIDS cases

Oluyo T. O & Ayeni R. O

In this paper we assume that the rate of recruitroEHIV positive is proportional to the population

The model becomes

Cl—N:—afNX—,uN+5N

dt
Cll—>t<:aNX—(k+,u+,6’)X+VN
dy

S o - (u+B)Y

" (1+B)

= px+ Y -pzep

After transformation (2) becomes

N _aNX - N + SN

t
%—)t(:aNX—(k+/J+,B)X+vN
dy

— =KX =(u+p)Y

& (u+p)
A= X+ pY - piM

Descartes’ Rule of Sign

sign of the polynomial or less than this by an ewember [4].

@)

®3)

The number of positive zeros of polynomial withlreeefficients is either equals to the number afiatéons in

3. RESULTS

Stability of the Epidemic Free Equilibrium

Theorem 1:If R,< 1, then the zero solution of the epidemic fregildarium of (3) is asymptotically stable.

Proof: The Jacobian matrix of the epidemic equilibrium is
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o-u 0 0 0

0 —(k+u+p) 0 0

A=| 0 k ~(u+pB) 0

0 B B i
The eigenvalues are A, =0 - u (4)
A, ==(k+p+B) (5)
Ay ==(u+p) ©)
A, =-u (@)

The zero epidemic equilibrium of (3) is asymptdtica stable if (4) is less than zero

(i.eﬁl<0,if O—u<O0then 5<y,é< 1R, < 1}
U

Theorem 2:If R,>1, then the zero solution of the epidemic freeildium of (3) is unstable.

Proof: The Jacobian matrix of the epidemic equilibrium is

o- U 0 0 0

0 —(k+u+p) 0 0

A=| O k ~(u+pB) O
0 B B -U

The eigenvalues are
(8==A)(=(k+ 1+ B)=A)(=(s2+ B) =) (-4 -A) =0

Recall that R, :% , Rw=0
~u(R,=1)(k+p+B)+A(k+2u+B-0)+A?

and A, =—(u+f) A, =it
/]2+A(k+ﬂ+y(2—R)))—,U(Ro—l)(k+,u+,8) =0

It is sufficientto show that at least one eigen value is positive. Now
/]2+A(k+ﬂ+y(2—RO))—,u(RO—l)(k+,u+ﬂ) =0

has one variation in sign when

(k+B+u)>0,u>0and R, > 0.

Hence by Descartes’ rule of sign, (8) has a pasitdot. This complete the proof.
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e  Stability of epidemic equilibrium
Theorem 3:1f r3>0,1,->0, >0 and >0 the endemic equilibrium is asymptotically stable

Proof: The Jacobian matrix of epidemic equilibrium (3) is

o {krurp)(o-p) o
(~u+o+v)
_ (k+u+p)
As ,U+5+V Vm 0 0
0 k —(,u+,[>’) 0
0 B B -

The eigenvalues of the epidemic equilibrium is oted by solving

|A-1A]=0 ©
A+ A%+ A%, + Ar +1,=0 (10)
Where
0 _(k+,u+ﬂ)(5—/1) 0 0
(—p+0+v)
1 (k+u+pB)
A=| -+ 0+V V—(—,u+5+v) 0 0
0 k ~(u+p) 0O
0 B B M
r :(ﬂ'+ﬂ+’g)_vw
g (-u+3+v)
k
rz=(k+u+ﬁ)(5—u)+ﬂ'(ﬂ+ﬁ)—V(ﬂ'“’*ﬁ)%
) ) ' o (k+,u+,8)
W= (et B)(@-p) ot sk B) i (i B) L

to=(k+u+pB)(d-u) ' (u+p)

(10) has a zero variation in signs. Hence by Déssarule of signs\’s are all negative roots and two complex

number. If they are all negative, and then theocalippoint is asymptotically stable. Suppose
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A=a+ipA,=a-ip,A;,=-aand A,=-b

we claim that a < 0.The number of complexrootswill be 2or O.
If therearetwo negativerootsthen

(/1 —a—i,B)(A —a+i,6’)(/1 +a)(/1 +b) =0and

A4+ a_2a+b)/13+(a2+:32+ab_Za(a+b))/]2*((a+b)(0'2+,82)—2ab)/1+ab(a2+,82)= 0
=a-20+b
a’+ p*+ab-2a(a+b)

I"3
I"2
r,=(a+b)(a®+p°)-2ab

r, = ab(a'2 +,82)

But r:>0,1,.>0, ;>0 and >0 (given)

Da-2a+b>0,a°+p°+ab- 20(a+b)> 0,(a+b)(a®+°)-2ab>0,ab(a+5?)> 0
Since “a” and “b” can be small as “a>0, “b” -0 r>0= a<0

Hence the equilibrium point is asymptotically stabl

This completes the proof.

Theorem 4: If B1, 1/ (5 +v) + 8+ B) > p(pf + B+ 12) +vk,

(k+y+,8)(y2+52+u5)+y’((ﬂ+y)(5+u))>

V(i +p+ B) (k+ pa+ )+ (B+ )+ (k+ pa+ B) (20 +v)) and
(1 +p+ B) (12 + 82 +v0) > v (pu+ B)+ p (i + 1+ B) (25 +v)
Then the endemic equilibrium is asymptotically &ab

Proof: The jacobian matrix of epidemic equilibrig®) is

_(k+u+p)(9-4)

0 0 0
(~u+3+v)
| (k+p+p)
A=| —f+d+Vv V(—,u+5+v) 0 0
0 k ~(u+pB) 0
0 B B -

We want to show thag*0,r,->0, >0 and §>0
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(o _(k+u+p)
5= (W uh) V(‘,U+5+v)

: _ k+u+B) _(p+u+B)(-pu+o+v)-v(k+u+p)
(:u"',u"'ﬂ) V(—/J+5+V)_ (—/J+5+V)
_THU— P B+ O+ O+ v+ v + By —v (K + p+ B)

(-u+o+v)
THH B O+ o+ BO+ UV —VK
(~u+3+v)

since p' (0+Vv)+d(u+pB)>u(y +u+pB)+vk
this implies that r, >0

(k+y+ﬂ)(5—y)+ﬂ(y+ﬂ)—v(y’+,u+,8)((f;f;f/)) >0

#(u* B)(mu+d+v)+(k+ pt B)(S-p) (mu+ o +v) ~v(W +p+ B)(k+u+ B) _ o
(~u+5+v)
Clearly p>0 if (k+ o+ ) (12 + 6% +v0) + pt (p+ B) (5+V)
~H( (u+ B)+(k+ u+ B)(25-v)) =v (i + u+ B) (k+ + £) >0
(k+,u+,8)(,u2 +52+v5)+/1’(,u+,8)(5+v) >
p(pt (p+ B)+(k+ i+ ) (20-v))+v (i + p+ ) (k+ 1+ )
Thisimplies that r, >0

Here we want to show that0

(k+u+pB)

w= (e B)S- )+ e B) it (1 B) i

(k+,u+,8)
(-u+d+v)

:w+ﬂ+ﬂﬂ5—uﬂﬂ+u+fﬂ—u+5;ﬂ—waH¢ﬂw+u+ﬂ)
-U+o+v
_(k+p+B)((0- ) (W +p+ B)(-p+3+v)—vid (+ )

(-u+d+v)
=(k+p+ B) (8- w) (W + i+ B) (-p+ 5+ ~vid (i + B)) > O
(k+p+pB)>0and (8- u) (i +p+ B)(-u+3+v)-vu (p+p)>0
(k+u+pB)>0 and —,u(,u'+,u+,6’)(25+v)—v,u’(,u+,6’)+(,u’+,u+,6’)(,uz+52+5v)>O
since(,u’+,L1+,B)(,L12+52+5v)>,u(/j+,u+,8)(25+v)+v,u’(,u+,6’)
this implies that r, >0

Note that (k+ u+ B)(3— ) (i + i+ B)—vid (u+ )

And lastly we want to show that0
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to=(k+p+B)(6-p) (1 + )
For r0>0d>p

Implies that B>1

Hence 0

4. DISCUSSIONS OF RESULTS

From the result obtained in (4) and (8), the basproduction number Ro is less than 1, then thdegpic free

equilibrium is globally asymptotically stable buherwise the epidemic is unstable i.e i>R. From the result obtained in

(10), the epidemic equilibrium is asymptoticallplste if R>1. From what we had in (4) and (19) both the epiddree

and endemic equilibrium are stable and their stghilepend on the basic reproduction numbgr Fherefore contact

tracing could be used as a method of controlliegsiread of the virus.
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